In this note we obtain an asymptotic expansion for p≤x p α , where p denotes a positive prime and α > 0.
Introduction and Preliminary Notes
In this note we obtain an asymptotic expansion for p≤x p α , where p denotes a positive prime and α > 0.
We need the following well-known theorem, see [1, chapter XXII] . Suppose that c n = 0 for n < n 1 and suppose that f (x) has a continuous derivative f (x) on the interval [n 1 , ∞], then the following formula holds
Let π(x) be the prime counting function. We also need the following wellknown theorem, see [4, chapter 7] . Theorem 1.2 Let m an arbitrary but fixed positive integer. The following formula holds
In this note p denotes a positive prime.
Main Results
Theorem 2.1 Let m be an arbitrary but fixed positive integer and α an arbitrary but fixed positive real number. The following asymptotic expansion holds
Proof. If we put c n = 1 if n is prime and c n = 0 if n is not prime then we have (theorem 1.2)
If f (x) = x α then theorem 1.1 gives
We have
On the other hand, we have the formula (m ≥ 1).
This formula can be proved using mathematical induction on m and the formula (use integration by parts)
Therefore (5) and (6) give
Substituting (4) and (7) into (3) we obtain (1), since
We have used the well-known formula
The theorem is proved.
Example 2.2 If m = 1 then equation (1) becomes
If m = 2 then equation (1) becomes
An Application
In this section p n denotes the n-th prime number. Equation (8) is well-known (see, for example, [2] ). This equation can be written in the form
An immediate consequence of (10) and the prime number theorem p n ∼ n log n is the equation
since the prime number theorem implies log p n ∼ log n. Equation (11) is well known (see, for example, either [2] or [3] ). In this section we prove the more precise theorem.
Theorem 3.1 Let α be a positive real number. The following asymptotic formula holds
Proof. Equation (9) can be written in the form
where lim x→∞ f (x) = 1. Equation (13) gives
Now, we have p n ∼ n log n and log p n ∼ log n. Therefore
We have (see, for example, [3] ) the following formula p n = n log n + n log log n + o (n log log n)
Hence p α+1 n = (n log n + n log log n + o (n log log n)) α+1 = n α+1 log α+1 n 1 + log log n log n + o log log n log n α+1 = n α+1 log α+1 n 1 + (α + 1) log log n log n + o log log n log n
where we have used the formula (1 + x) β = 1 + βx + o(x) (x → 0). Note that the prime number theorem p n ∼ n log n implies log p n = log n + log log n + o(1) = log n + log log n + o(log log n) Therefore we have 1 log p n = 1 log n + log log n + o(log log n) = 1 log n 1 1 + log log n log n + o log log n log n = 1 log n 1 − log log n log n + o log log n log n
where we have used the formula 1 1+x
Equations (17) and (18) give 1 α + 1 p α+1 n log p n = n α+1 log α n α + 1 1 + (α + 1) log log n log n + o log log n log n 1 − log log n log n + o log log n log n = n α+1 log α n α + 1 + α α + 1 n α+1 log α−1 n log log n + o n α+1 log α−1 n log log n
Substituting (19) and (15) into (14) we obtain (12). The theorem is proved.
Remark 3.2
If α is a positive integer more precise formulae are obtained in [3] 
